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CONJUGACY CLASSES IN ALGEBRAIC MONOIDS

MOHAN S. PUTCHA

ABSTRACT. Let M be a connected linear algebraic monoid with zero and a
reductive group of units G. The following theorem is established.

THEOREM. There exist affine subsets My,..., My of M, reductive groups
G1i,...,Gg with antiautomorphisms *, surjective morphisms 6;: M; — G;, such
that: (1) Every element of M 1is conjugate to an element of some M;, and (2) Two
elements a,b in M; are conjugate in M if and only if there exists x € G; such that
z0;(a)z* = 0;(b). As a consequence, it is shown that M s a union of its inverse
submonotds.

Introduction. The objects of study in this paper are connected linear algebraic
monoids M with zero. This means by definition that the underlying set of M is an
irreducible affine variety and that the product map is a morphism (i.e. a polynomial
map). We will further assume that the group of units G of M is reductive. This
means [1, 3] that the unipotent radical of G is trivial. Then by [6, 10], M is
unit regular, i.e. M = E(M)G where E = E(M) = {e € M|e? = e}. In this
paper we study the conjugacy classes of M. An initial study was made by the
author [8], where the general problem was reduced to nilpotent elements. The
approach here is quite different, yielding a more complete answer. To be precise, we
show that there exist affine subsets My, ..., My of M, reductive groups Gy, ...,Gyg
with antiautomorphisms *, surjective morphisms 6;: M; — G;, + = 1,...,k, such
that: (1) Every element of M is conjugate to an element of some M;, and (2) If
a,b € M;, then a is conjugate to b in M if and only if there exists z € G; such that
z6;(a)z* = 6;(b). As an application of this result, we show that M is a union of its
inverse submonoids. An inverse semigroup is a semigroup S with the property that
for each a € S, there exists a unique a € S such that ada = a and aea = a. See
[2]. Finally in §3, we use our main results to briefly analyze the conjugacy classes
of nilpotent elements.

1. Preliminaries. Throughout this paper Z* will denote the set of all positive
integers and K an algebraically closed field. Let G be a connected linear algebraic
group defined over K. The radical R(G) is the maximal closed connected normal
solvable subgroup of G and the unipotent radical R,(G) is the group of unipotent
elements of R(G). We will assume throughout that G is a reductive group, i.e.,
R,(G) = 1. Then R(G) C C(G), the center of G. Moreover G = R(G)G( where
Go = (G,G) is a semisimple group, i.e. R(Go) = 1. Also (3, Theorem 27.5] Gy is
a product of the simple closed normal subgroups of G. In particular we have the
following.
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FACT 1.1. If H is a closed normal subgroup G, then G = HCg(H). If
Hi,H,, H{, Hj are closed normal subgroups of G with G = HyH, = H{H}, then

G = (H\ N Hy)(Hy N Hy)(Hz N Hy)(Hz N H)R(G).

A connected diagonalizable subgroup of G is called a torus. Let T be a maximal
torus of G. Then
R(G) CC(G) C C6(T) =T.

W = Ng(T)/T is called the Weyl group of G and is finite. A maximal closed
connected solvable subgroup of G is called a Borel subgroup. Let By, By be Borel
subgroups of G with T C By N By. Then [3, Theorem 28.3] G is expressible as the
following disjoint union:
G= |J BioB..
oeWw

This is called the Bruhat decomposition of G. A subgroup of G containing a Borel
subgroup is called parabolic. Let P be a parabolic subgroup of G with T C P. Then
there exists a parabolic subgroup P~ of G suchthat T C P~ and L=PNP " isa
reductive group. P~ is called the opposite parabolic subgroup of P relative to T and
L is called a Levi factor of P. If U = R, (P), then [1, 3], P = LU is a semidirect
product. This is called the Levi decomposition of P. By Fact 1.1, we have

FACT 1.2. Let G = G;G2 where G1,G> are closed connected normal subgroups
of G. Let P be a parabolic subgroup of G. Then P, = P N G, is a parabolic
subgroup of G; (1 =1,2) and P = P, P,. If P = LU is a Levi decomposition of P,
then P, = L;U;, L = L1Lo, U = U, Uy, where L; = LNG;, U; =UNG;, i =1,2.

The following result follows from [1, Theorem 28.7].

FACT 1.3. Let P,@ be parabolic subgroups of G with Levi decompositions,
P=L,U,, Q@ = LyU; such that T C L; N Ly. Then

PﬂQ = (Ul N U-z)(Ul N L2)(L1 N U2)(L1 OLQ).

By a (linear) algebraic monoid, we mean a monoid M such that the underlying
set is an affine variety and the product map is a morphism. The identity component
of M is denoted by M°. We will assume that M is connected (i.e. M = M°¢) and
that M has a zero. We will further asssume that the group of units G of M is
reductive. Then by [6, 10], M is unit regular, i.e. M = E(M)G. Here E(M) is the
idempotent set of M. We fix a maximal torus T of G. If I' C E(T), then we let

Ci;(T) = {a € Glae = eae for all e € T'},

C&(T) = {a € Glea = eae for all e € T}.
Then Cg(T) = CL(T') N CL(T) is a reductive group. If e € E(T), then by [5, 7],
C%(e),C& (e) are opposite parabolic subgroups of G. We let

GT ={a€Glae =¢}°, G.={a€Glea=e}°,
G.={a €Glae =ea =¢€}° =G, N Cgsle),
G. = {a € Glae = ea = ¢}.
Since G, <Cg(e), we have by Fact 1.1,
Ca(e) = GCg(Ge).
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In particular, G. = G.T.. Now eCg(e) is the group of units of eMe by [4]. In
particular, eC (e) = eCg(e). Hence we have the surjective homomorphism: a — ea
from C (e) onto the reductive group eCg(e). Thus

Ry(Cg(e)) € GL < CG(e).
Similarly
Ru(CG(e)) € GL 2 Cg(e).
Since CF;(e) = Ru(CE(e))Cq(e), we get
G = Ru(CG(€))Ge.
LEMMA 1.4. Lete, f € E(T). Then
Cale, f) = (Ge N Gy)(Gy N Cg(Te))(Ge N Ci(Ty))Co(Te, Ty).

PROOF. Now CZ(f) N Cg(e) is a parabolic subgroup of Cg(e) with Levi factor
Cqle, f). Since Cg(e) = G.C(G.), we have by Fact 1.2,

. Cgle, f) = [Ca(f )nGe][CG(f)nCG(Ge)]'
Similarly
Cele, f) = [Cc(e) N Gfl[Cs(e) N Ca(Gy)).
Since C(Ge) € Cg(Te), Ca(Gy) € Ci(Ty), we are done by Fact 1.1.
LEMMA 1.5. Let e,f € E(T). Then
(i) GINCE(f) = [GLn Ca(Ty)lGE N GT,
(ii) GT N C( ) [GZ N Ce(Ty))[GE N GY].
PROOF. We prove (i), as the proof of (ii) is similar. By Fact 1.3,
C5(e) N C5(f) = [Ru(CG(e)) N CG(f))[Ca(e) N CE(f)]-
Since R,(C%(e)) € G, we obtain
Gz N Cg(f) = [Ru(CG(€)) N CG(N]IGe N CG(f)).
By Facts 1.2, 1.3,
Ry (C5(€)) NCG(f) = [Ru(C5(€)) N Ru(CE(/M[Ru(CE(€)) N Ca(f)]
C [Ge NGF][Ru(CG(€)) N Gl[Ru(CG(€)) N Ca(Gr)
¢ [GeNGFGE N Ca(Ty)]-
Now Cg(e) N CE(f) is a parabolic subgroup of Cg(e) with Levi decomposition
[Cal(e, NRL(CG(f)) N Cale)).
So by Fact 1.2,
GeNCG(f) = [Ge NCa()|Ge N Ru(CE(f))]
€ [GenCa(]IGe NG
By Lemma 1.4,
Cale, f) = (Cale) N Gf)(Cale) N Co(Ty))-

Since G, N Cg(f) 9 Cs(e, f) and since the radical of Ge N Cg(f) is contained in
Te € Ge N C(Ty), we obtain

GeNCq(f) = (Ge NGy)(GeNCs(Ty)).
Since G N G <G, N CE(f), the result follows.
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LEMMA 1.6. Lete€ E(T). Then Cg(T:) = T.Cg(G.).
PROOF. Since G, < Cg/(e),
Cc(Ge) € Cg(Te) € Cile) = GeCs(Ge).
” C6(Te) = C5(Ge)[Ge N C(Te)] = Ca(Ge)Te.
LEMMA 1.7. Lete,f € E(T). Then
Ci(e) N C&(f) = (G N Co(Ty)[Ca(Te. Ty)) (G N Ca (TG N GY).
PROOF. By Fact 1.3,
C&(e)NC&(f) = [GL N GY][GL N Ca(N))[Cale) N GICa e, f)-

Now G7 N GY aCLe) N CL(f). Also if a € G} NCq(T.), b € GL N Cq(Ty),
then a~'b~'ab € G; N GY. Moreover Cg(T.,Ty) normalizes G; N Cg(Ty) and
Gﬁf N Cg(Te). So we are done by Lemmas 1.4, 1.5.

LEMMA 1.8. Lete,f € E(T), a € G, b € Cg(T.). If ab € CL(f), then
a,b € CL(f). If abe€ CL(f), then a.be C5(f).

PROOF. Suppose ab € C%(f). Now a = aya, for some a; € R,(C(€)), a2 € Ge.
Then azb € Cg(e). So by Fact 1.3, ay,az2b € CL(f). Then azb € Cg(e) N CEL(f).
So by Fact 1.2, asb = uv for some u € G. N CL(f), v € C(Ge) N CG(f). So
u"lag =vb"' € GeNCq(T.) =T. CT C CL(f). Sobe CL(f). Hence a € CL(f).

PROPOSITION 1.9. Let ' C E(T), e1,....ex41 = f € T. Let V = Cg(T),
Yo =G’f, Y1=G}, Y. =Cgler,....ei-1)NGL fort=2,....k+1. Then
k+1
Yo Y1 NV = HVZ"
1=1
PROOF. We prove by induction on k. So first let £k =0, a € G’f, be G} such
that ab € V C Cs(f). Then af = abf = fabf = f. So a € Gy. Similarly b € Gy.
So
abeGyNV =G;NV; =Vi(G;NT)=V;.
Solet k>0,a€Yy - Yey1NV. Thena=yo- - Yk+1, ¥i € Yi- NOoW ¥1,...,Yk+1,
a € CfL(e1). Thus yo € Cg(e1) N Glf. By Lemma 1.5, there exist gy € Glf N
Cg(Te,), u € GF, such that yo = gou. So §; = uy; € G, and a = Yoy1y2 **  Yk+1-
Thus without loss of generality, we may assume that yo € Cg(Te,) N G’f. For
1=2,...,k+ 1, we can factor by Lemma 1.5,

vi=cy, ¢ €Ge, y €Cgler,....eim1)NCs(Te,) NG,

Let

di =y2 yimrci(y2 - yim1) " 1=3,...,k+ 1
Then

Y1 = yides1 - -daca €GL, Y = yoyiyy ' € GL,.
Clearly

a=yYoY1Ys Y1 = Y1 Y0Y2 " Ykt1-
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Moreover yoys - ¥y341 € Cg(Te,). By Lemma 1.8, y7,y0y5 - ¥4,y € V. So
y{ € Ve,. By the induction hypothesis yoys - - * Y4, € Ve, * -+ Ve, - This completes
the proof.

2. Main section. We fix a connected linear algebraic monoid M with zero 0
and a reductive group of units G. As usual two elements a,b € M are conjugate
(a ~ b) if z7'az = b for some z € G. Note that for a € M, g € G, ag ~ ga. We fix
a maximal torus T of G. Let W = Ng(T)/T denote the Weyl group of G. We let
R, L, X denote the usual Green’s relations on M [2]. If a,b € M, then a R b means

aM =bM, a L bmeans Ma=Mb, ¥ =RNL. Lete€ E(T),c =nT € W. Then
we let
e’ =0 lec =n"len € E(T).
We let
M., =eCg(e?|0 € (0))o.

Our first result is that every element of M is conjugate to an element of some M, ..
In preparation, we prove

LEMMA 2.1. Lete€ E(T),c =nT €W, k€ Z+, z,y € Ce(e”’ |0 < j < k—1),
zeGiak. Then exyn ~ eyn.

PROOF. We prove by induction on k. First let £k = 1. Then
exyn = zyen ~ yenr = yne’x
= yne’ = yen = eyn.
In general let k£ > 1. Then
eTYyn = Teyn ~ eynr = eym:n_ly_lyn =ex'yn

where / = ynzn~1y~1 € CG(e"j 0<j<k-2)N Giak_l. So by the induction
hypothesis ez’yn ~ eyn.

THEOREM 2.2. Every element of M s conjugate to an element of some M, .

PROOF. Let a € M. By (8, Corollary 2.3], there exists a maximal torus Ty of
G, e,f € E(T;) such that eRa L f. Since all maximal tori of G are conjugate,
we can assume that T = Tj. There exists § = mT € W such that ¢ = f.
Thus eRem L f. So em X a. Since eCg(e) is the X-class of e, we see that a €
eCg(e)ym = eCg(e)f. Suppose inductively that a € eCg(e? |7 = 0,...,k)0. Let
H = Cg(e”|j = 0,...,k). So there exists £ € H such that a = ezm. By [5],
Cfrj,(e""+l ), C5;(8ed~1) are parabolic subgroups of H containing T. By the Bruhat
decomposition there exists 7 = n,T € W(H), z; € C4(e® "), 22 € Cy(0ef?)
such that £ = z1n;z2. So

exm = exin;zom ~ (m~!

Tam)ex nym.
Now m~lzam € Cg(e? |j = 1,...,k+ 1) N CL(e). So
m~'zyme = ze for some z € Ca(e? |7 =0,...,k+1).

Thus .
+1
a~ezrinim, 22, € C}, (eo ) .
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Let A = 70 = nymT € W. We claim that e*’ = ¢® for j = 0,...,k+1. Fory =0,
this is obvious. So assume €’ = €*’, j < k. Then 7 € C (e?’). So

N A 70 N ;
jt1 J J J J+1
M= () = () = () =T

Thusy = 2z, € ClH(e’\kH). Hence y = y;y, for some y; € HéAkH ,y2 € Cy(e
By Lemma 2.1,

k+1
A )

a ~ eYiy2ni1m ~ eyanim, y2 € Cg (e)‘jlj=0,...,k+1).

Continuing this process, we see that there exist 0 = nT € W and u €
Ce(e?’|0 < j < |W|) = Cg(e'|y € (o)) such that a ~ eun. Then clearly
eun € M, ,. This completes the proof of the theorem.

Schein [13] has shown that the full transformation semigroup on any set is a
union of its inverse subsemigroups. The corresponding result, for the full matrix
semigroup over a field, follows from the Fitting decomposition.

THEOREM 2.3. (i) If F is a commutative, idempotent submonoid of M, then
FNg(F) is the mazimal unit regular inverse submonoid of M with idempotent set
F.

(ii) If F is a subsemilattice of E(T) with 1 € F, then
FNG(F) = FCg(F)Nw (F).

(iii) Ife€ E(T), c e W, F = (1,€°|0 € (o)), then M., C FNg(F).
(iv) M 1s a union of its unit regular inverse submonoids.

PROOF. (i) That FNg(F) is a submonoid of M is obvious. Let a € FNg(F),
a®> = a. Soa = fu for some f € F, u € Ng(F). Then fuf = f. Since M
is a matrix semigroup and f, ufu~! commute, we see that f = ufu~!. Thus
a= fu= fuf = f € F. So F is the idempotent set of FNg(F). It follows that
FNg(F) is the maximal unit regular submonoid of M with idempotent set F'. Since
F is commutative, it follows [2] that FNg(F) is an inverse semigroup.

(ii) Let @ € Ng(F). Clearly T C Cg(F). So aTa™! C Cg(aFa™') = Cg(F). So
T, aTa~! are maximal tori of C;(F). Hence b~ 'aTa~'b = T for some b € Cg(F).
Hence b='a € Ng(T) N Ng(F). So a = b(b~'a) € Cg(F)Nw (F).

(iii), (iv) follow from (ii) and Theorem 2.2.

Now fix e € E(T), 0 =nT € W. Let f = ¢, a + 1 the order of o. Let

V = Cg(ef|8 € (o).

So V is a reductive group, T CV,V? =V, M., = eVo. Now V., = {a € V]ae =
ea = e} =T,V, is a closed normal subgroup of V. Let

o= [[ V=] Ve

€ (o) (o)

Then  is a closed normal subgroup of V. If 1 € V, let z* = nz~'n~! € V. Then
* = ). So * induces an antiautomorphism * on the reductive group G, = V /(L.
Define ¢: M., —» G, as follows: If a = evn € M, ,, v € V, then, £(a) = () €
Geo. Since V, C Q, € is well defined. Note further that if G, is replaced by

eV /el (which is isomorphic to G, , as an abstract group), then ¢ would also be a
morphism of varieties.
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THEOREM 2.4. Leta,b€ M.,. Then a is conjugate to b in M if and only if
there exists © € G, such that z€(a)z* = £(b).

PROOF. For a,b € M, ,, define a = b if z€(a)z* = £(b) for some z € G¢,. We
are to show that = = ~. Let

A ={a €Vleun ~ eaun for all u € V}.

Clearly V, C A. Let a,b € A. Then for u € V, eabun ~ ebun ~ eun. So A2 C A.
Now let a € A, u € V. Then
e(nan~un ~ an"lunen = ea(n"lun)n
~ e(n"lun)n = n"lunen ~ eun.

Thus nAn~! C A. It follows that 2 C A. Now let m;,ms € M., such that
my = mo. Let m; = eun, mqo = evn where u,v € V. Then there exists £ € V such
that v € Qzunz~!n~!. Since Q) C A4,

m; = evn ~ ezunz” 'n"'n = ezunz ™!

= zeunz~! ~ eun = ma.
This shows that = C ~.

Conversely let m;,ms € M., such that m; ~ mg. Then there exists X; € G
such that

(1) Ximy = myXy.
Let my = eun, mq = evn where u,v € V. Then by (1),
Xi1eR Xjeun =evnX; Re
So X e =eX;e and X; € Cj(e). Also by (1),
fX1=n"tenX; LmyXy = Xymy Lm, L f.
Thus X; € C5(e) NCE(f). By Lemma 1.7, X; € X[G; N GY] for some
X €[Ce(T.)NG, PCa(Te, Ty)l[Ca(Ty) N GE).

Since m; = em;, mga = mof, we see by (1) that

(2) Xeun = evnX.

Now X = azb for some

(3) a € Cg(T.)NGY, z€Cs(T.,Ty), beCq(Ts)NGE.

So by (2), eazun = evnzb. Then eazu = evnzbn~! and azu,vnzbn=! € Cg(e). So
(4) azu = vnzbn~ 'z for some z € G,.

Now nzbn~! € Cg(T,). So by Lemma 1.6, nzbn! tn for some t € T, n €

Cc(Ge). Sovt € V C Cgle). So vt = v'v” for some v' € C’v( .) C Cg(Te),
v" €V, C G.. Also u = v/u” for some u' € Cy (V) C Cg(Te), u” € Ve C G,. Then

azu = vnzbn 'z = vinz = v'v"'nz = Vv 2.

So
(5) azu’ = v'n(v"z(u")7h).
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Let 2’ = v"2(u")~'. Then 2’ € G,. So 2’h = h2' = h for all h € E(M) with h < e.
Now azu’,v’,n € Cs(Te). So by (5), 2’ € Cg(Te). Thus 2'h = h2' for all h € E(T)
with h > e. So for any maximal chain T of E(T) withe€T, 2’ € Cq(T)=T CV.
Let u; = v/(2')~'"” € V. Then by (5),

aru; = v'nv” = v'v"'n = vty = vnzbn~ 1.

Also z = (v")" 12w e VNG, =V.. So

(6) azu; = vnzbn™?t, u,veV, zevV,.
Now zb € C(e). Sonzbn~! € C(ces™!). Thus az € CL(cec™!). By (3), Lemma
1.8, a,z € CL(oeo™!). So z € CL(0eoc™1) N Cg(Te, Ty). Hence we can factor

(7) z=wyizy forsomey; € G, -1 NC(Te,Ty), 21 € Cg(Tyeo-1,Te, Ty).

ogeo

Also a € CL(oeo™1)NCq (Te)ﬂG’f. So working within Cs(T,) and applying Lemma
1.5, we can factor
-1 NGy NCG(Te), a1 € Cg(Te, Toeo-1) N GY.

(8) a=cia; forsomec, €GL,,

Now by (6),

€101Y1T U] = vny T1bn~ L.
So
(9) wa T1u; = vnyrn !
where

w = ciayyia; [(arz1ur)(nb ' n ) (a1z1uy) T € Gl i

Suppose now inductively that

(10) T=Y1" " YTk,

where

(11) y,-eCG(TI,TU,»e,,_.]J:=0,...,z‘—1)063,60_., 1=1,...,k,

zk € Co(Tf Thieo-:17 =0,...,k).

Further assume that there exist
W; € C6(Tpieo-ilt +1 <7 <k)NG ., —:s 1=1,...,k,
ak € CG(Tyico—:i =0,...,k)NGY

such that

(12) Wk - W AR TkU] = VRYETEN L.

Note that (7)-(9) show (10)-(12) to be valid for k = 1. Now
nyrzrn ' € CL(c* leoc™*71).

So by (12), wk - - wia 2z € CL(0*Tleac%~1). Repeated use of Lemma 1.8 shows
that wi, ..., wk,ak, 7k € CL(c**Tlec=*~1). So by Lemma 1.5, we can factor for
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i=1,...,k,
w; = gw, W; € CG(Tpieo-ili + 1< J < k+1)NGlipys,
4 € Glisipg—t-1 NCG(Tyieo-ilt +1 < j < k),
ak = Ck+10k+1, Qk+1 € Ce(Tpio-il0 <7< k+1) NG s
ck+1 € CG(Thieo-i10 <7 < k) NGlitigp-r-1,
Tk = Yk+1Zk+1, Tht1 € CG(Tf, Tos0o-510 < 7 < kb + 1),
Yk+1 € CG(va viea—i1|0 < g < k)nGakH

eoc—k—1-
Let
qé = w;c T w'li+lq‘i(w;c o 'w;-f-l)_l € G;k+lea—k—ly t1=1,...,k—1,
Chp1 = Wk WiCkt1 (Wi W) T € Ghrtiggroty
Yer1 = We - Wikt 1Yk41(Wg -+ Wiak41) " € Ghugrpgimr,s
p= qu;c_l t 'qllc;c+1y;c+1 € G;k+lea—k—1.
Then
Wk W1k Tk = PWy - - - W) Ck41Tk41-
So by (12),
w;c+1 S W Gk 1Tk 1 UL = VNYk41The1n "
where

/ -1,-1, -1
Wy =0NY N0 PEG kt1pp—k-1-

This completes the induction step in (10)-(12). So (10) is valid for all k € Z+.

particular it is valid for k = «, where 0®*! = 1. Then

(13) T=Y1 " YaTa, T4 € Cg(el)0 € (o)) = V.
Now by (4), (6)
(14) azu = vnzbn~ 'z, zeV,.

Let Yo = GY, Y1 =G,

cec— 1

Y; =Cg(d’ec™|j=1,...,i—1)NG",

olec—1)

12> 2.

537
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Then Y; normalizes Y; for 7 > 7 > 1. Also V normalizes Y; for all . By (3), (11)

we see that
(15) a €Yy, nbn~! e Yy, w€eY;, 1=1,...,a
Also, since 0®*! = 1, we see by (11) that
(16) nyn €Yy, i=1,...,0—-1, nyan~ ! €V,.
Since z4,u,v €V and V7 =V, we see by (13)-(16),

v(zquzh)” ! = vnzentuT !

=azuz nb 7 lzgntu” lz 1

= [ay1 - YaTouz tuT 27 (z0u)
X btz (yz ' yr ) zan T (za)

eV.YoY: Y,.

-1

Since 0®%ec~ = f, we see by Proposition 1.9 that v(z4uz})™! € Q. Thus m; =

eun = evn = my. This completes the proof of the theorem.
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The proof of the above theorem shows

COROLLARY 2.5. Let a,b € M,,. Then a ~ b if and only if there exists
T €V =Cg(e|6 € (0)) such that z~'az = b.

COROLLARY 2.6. Let D = eCg(e) denote the group of units of eMe, h €
E(eT), § = mT € Cw(e). Then Mpg = (eMe)h,eg and Gro = Dpeg. If a,b €
My g, then a is conjugate to b in M if and only if a is conjugate to b in eMe.

PROOF. Let

V=Cg(hlve(f), Y =Cp(R|yv€E(0)).

Let a € Y. Then a = ex for some z € Cg(e). For ~ € {9),
zh” = zeh" = ah” = h"a = hVex = h z.
Soz € Cy(e) and Y = eCy(e). Now V = V,Cy (V) = V4 Cy (€). Hence
Mh,0 =hVl= th (6)0 = her (8)9 =hYO0 = (eMe)h,eg.

Let Q = Hve(e) Vin. Since V = ViCy(e), h <ee,

Gho =V/Q = Cy(e)/Cale) = eV/eCale).
By Proposition 1.9,

Cale) = [] W= nCsle)).
v€(6)

It follows that eV /eCq(e) = Dp 9. We are now done by Theorem 2.4.

CONJECTURE 2.7. Let a,b € eMe. Then a is conjugate to b in M if and only
if a is conjugate to b in eMe.

CONJECTURE 2.8. Let Y = {M,,le € E(T),0 € W}, Yo the set of maximal
elements (with respect to inclusion) of Y. Then if ¥;,Y2 € Yo, a € Y1, b € V>,
a ~b, then Y =Y, for some § € W.

Let g € G. Then the map: z — gr~'¢g~! is an antiautomorphism of G. We will
call such an antiautomorphism an inner antiautomorphism.

EXAMPLE 2.9. Let n € Z%, M = My(K). Let h = []5c, €%, v the rank of h.
Then G, , = GL(r, K) and * is an inner antiautomorphism.

EXAMPLE 2.10. Let M = {A® B|A, B € M2(K)}. Then the possibilities for
G, are G,SL(2,K),PGL(2,K), G, {1}. In all cases, * is inner.

CONJECTURE 2.11. If the simple components of G are all of type A;, then * is
necessarily inner.

By [3, Theorem 27.4], an antiautomorphism of a semisimple group is the com-
position of an inner antiautomorphism and an automorphism determined by an
automorphism of the Dynkin diagram of the group. '

CONJECTURE 2.12. For all t € R(G.,), t* = ¢~! and hence * is completely
determined by its action on the semisimple group G , = (Ge,o, Ge,0).

1,.-1

3. Nilpotent elements. We continue from [8] the analysis of conjugacy classes
of nilpotent elements of M. It was shown in [8] that the conjugacy classes of
minimal nilpotent elements (in the J-class ordering) is always finite. Renner [12]
has introduced the finite fundamental inverse monoid Ren(M) = Ng(T)/T and
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used it to generalize the Bruhat decomposition to M. We easily have

PROPOSITION 3.1. Lete € E(T), o =nT € W, k € Z*. Then the following
conditions are equivalent:

(i) a* =0 for some a € M, 4,

(i) Mg, =0,

(iii) (eo)* = 0 in Ren(M),

(iv) e -- e = 0.

Since V = Cg(e?|# € (o)) is a reductive group, we see that any closed normal
subgroup of V containing 7', must equal V. Thus

PROPOSITION 3.2. Lete € E(T), 0 € W. Then G, ts trivial if and only if
T = H06(0> Teo .

In particular, we see that G, trivial implies that eo is nilpotent. If the groups
G are trivial for all nilpotent eo, then by Theorems 2.2, 2.4, the number of
conjugacy classes of nilpotent elements in M is finite.

CONJECTURE 3.3. The number of conjugacy classes of nilpotent elements of
M is finite if and only if the groups G. , are trivial for all nilpotent eo.

EXAMPLE 3.4. If M = M, (K), then we see by Example 2.9 that the groups
G are trivial for nilpotent eo.

EXAMPLE 3.5. Let Go = {A® (A7 !)}|A € SL(3,K)}, G = K*Go, M = KGj.
Let S = M\ G. Then

E(S)={e® fle* =¢,f* = f € M3(K),ef* = fle=0}.
In particular

100 000 0
e=[0 0 0|®|0 1 0|, f=]0
000 00 1 0

Also if
01 0 01 0
c=110 0 |®|1 0 0 |eW(G),
00

0 0 -1

(== ]
(el e R en)

then e’ = f and (es)? = 0. The group G, , can be seen to be the one dimensional
torus with * being given by z — z~7!. Thus by Theorem 2.4, the number of
conjugacy classes of nilpotent elements of M is infinite. However if C denotes the
center of G, then the number of conjugacy classes of nilpotent elements in M/C is
finite.

EXAMPLE 3.6. Suppose char K #2,n€ Zt, n > 2. For r € Z*, let J, denote

1

Let Gy consist of all A € SL(2n + 1, K) such that

(1 07, [1 o
Lo m)a=lo )
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Thus (3, §7.2], Go is the special orthogonal group of type B,. Let G = K*Go,
M = KGgy. Then

0 0 O 0 0 O
e=|0 I, 0|, f=1|0 0 0|eEM).
0 0 0] 00 I
If -
1 0
a—-o Jon e W(G),

then ¢ = f and (ec)? = 0. It can be seen that G., = PGL(n,K) with the
antiautomorphism * on G., given by A — J,A*J,. Thus by Theorem 2.4, the
number of conjugacy classes of nilpotent elements of M is infinite. This gives a
counterexample to (8, Conjectures 4.5, 4.6]. Note also that for n > 3, * is not
inner.

The above examples suggest

CONJECTURE 3.7. Suppose that the center of G is one dimensional. Then
the number of conjugacy classes of nilpotent elements of M is finite if and only if
Ren(M) is isomorphic to the symmetric inverse semigroup of some finite set.
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