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CONJUGACY CLASSES IN ALGEBRAIC MONOIDS

MOHAN S. PUTCHA

ABSTRACT. Let M be a connected linear algebraic monoid with zero and a

reductive group of units G. The following theorem is established.

THEOREM. There exist affine subsets Mi,..., Mj, of M, reductive groups

Gi,... ,Gk unth antiautomorphisms *, surjective morphisms Ö, : M¿ —» G¿, such

that: (1) Every element of M is conjugate to an element of some Mi, and (2) Two

elements a, b in Mi are conjugate in M if and only if there exists x G G, such that

xdi(a)x* = 0,{b). As a consequence, it is shown that M is a union of its inverse

submonoids.

Introduction. The objects of study in this paper are connected linear algebraic

monoids M with zero. This means by definition that the underlying set of M is an

irreducible affine variety and that the product map is a morphism (i.e. a polynomial

map). We will further assume that the group of units G of M is reductive. This

means [1, 3] that the unipotent radical of G is trivial. Then by [6, 10], M is

unit regular, i.e. M = E(M)G where E — E(M) = {e E M\e2 = e}. In this

paper we study the conjugacy classes of M. An initial study was made by the

author [8], where the general problem was reduced to nilpotent elements. The

approach here is quite different, yielding a more complete answer. To be precise, we

show that there exist affine subsets Mi,...,M^ of M, reductive groups G\,... ,Gk

with antiautomorphisms *, surjective morphisms $i : Mi —► G¿, i = 1,..., k, such

that: (1) Every element of M is conjugate to an element of some M¿, and (2) If

a, b E Mi, then a is conjugate to b in M if and only if there exists x E G i such that

x9i(a)x* = 8i(b). As an application of this result, we show that M is a union of its

inverse submonoids. An inverse semigroup is a semigroup S with the property that

for each a E S, there exists a unique ä E S such that aäa — a and äaä = ä. See

[2]. Finally in §3, we use our main results to briefly analyze the conjugacy classes

of nilpotent elements.

1. Preliminaries. Throughout this paper Z+ will denote the set of all positive

integers and K an algebraically closed field. Let 67 be a connected linear algebraic

group defined over K. The radical R(G) is the maximal closed connected normal

solvable subgroup of G and the unipotent radical RU(G) is the group of unipotent

elements of R(G). We will assume throughout that G is a reductive group, i.e.,

RU(G) = 1. Then R(G) Ç C(G), the center of G. Moreover G = R(G)G0 where

Go = (G,G) is a semisimple group, i.e. R(Gq) = 1. Also [3, Theorem 27.5] Go is

a product of the simple closed normal subgroups of G. In particular we have the

following.
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FACT 1.1. If H is a closed normal subgroup G, then G = HCg(H). If

Hi,H2,H[, H2 are closed normal subgroups of G with G = HiH2 = H[H2 then

G = (Hi n h[)(Hi n ff£)(Jï2 n #i)(//2 n h'2)R(G).

A connected diagonalizable subgroup of G is called a torus. Let T be a maximal

torus of G. Then

fi(G)ÇG(G)ÇGG(T)=T.

W = Nc(T)/T is called the Weyl group of G and is finite. A maximal closed

connected solvable subgroup of G is called a Borel subgroup. Let Bi, B2 be Borel

subgroups of G with T EBxr\B2. Then [3, Theorem 28.3] G is expressible as the

following disjoint union:

G= (J Bi<tB2.
o-ew

This is called the Bruhat decomposition of G. A subgroup of G containing a Borel

subgroup is called parabolic. Let P be a parabolic subgroup of G with TCP. Then

there exists a parabolic subgroup P~ of G such that T Ç P~ and L = PC\ P~ is a

reductive group. P~ is called the opposite parabolic subgroup of P relative to T and

L is called a Lew factor of P. If [/ = RU(P), then [1, 3], P = LU is a semidirect

product. This is called the Levi decomposition of P. By Fact 1.1, we have

FACT l .2. Let G = G1G2 where Gi,G2 are closed connected normal subgroups

of G. Let P be a parabolic subgroup of G. Then P¿ = P n G¿ is a parabolic

subgroup of G¿ (¿ = 1,2) and P = PiP2. If P = LU is a Levi decomposition of P,

then Pi = LiUi, L = LiL2, U = UXU2, where L, =inG„f/, =f/n Gt, i = 1,2.
The following result follows from [1, Theorem 28.7].

FACT 1.3. Let P, Q be parabolic subgroups of G with Levi decompositions,

P = L1U1, Q - L2U2 such that T C Li n L2- Then

p n g = (Ui n t/2)(ï/i n ¿2)(Lj n £/2)(Li n l2).

By a (linear) algebraic monoid, we mean a monoid M such that the underlying

set is an affine variety and the product map is a morphism. The identity component

of M is denoted by M°. We will assume that M is connected (i.e. M = Mc) and

that M has a zero. We will further asssume that the group of units G of M is

reductive. Then by [6, 10], M is unit regular, i.e. M = E(M)G. Here E(M) is the

idempotent set of M. We fix a maximal torus T of G. If Y Ç E(T), then we let

CrG(Y) = {aE G\ae = eae for all e E Y},

ClG(Y) = {a E G\ea = eae for all e € T}.

Then GG(r) = CrG(Y) D CG(r) is a reductive group. If e € E(T), then by [5, 7],

GG(e),CG(e) are opposite parabolic subgroups of G. We let

G; = {«e G[ae = e}c,    G\ = {a E G\ea = e}c,

Ge = {aE G\ae = ea = e}c =GreY\ CG(e),

Ge = {a E G\ae = ea — e}.

Since Ge <GG(e), we have by Fact 1.1,

CG(e) = GeCG(Ge).
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In particular, Ge = Gefe. Now eGG(e) is the group of units of eMe by [4]. In

particular, eGG(e) = eGG(e). Hence we have the surjective homomorphism: a —* ea

from GG(e) onto the reductive group eGG(e). Thus

Ru(CG(e))EGle<CG(e).

Similarly

Ru(CG(e))EGl<CG(e).

Since GG(e) = Ru(CrG(e))CG(e), we get

G^ = Ru(CrG(e))Ge.

LEMMA 1.4.   Lete,fEE(T).  Then

CG(e, /) = (G« n G,)(G/ n CG(Te))(Ge n GG(2»)GG(Te, Tf).

PROOF. Now CG(f) n GG(e) is a parabolic subgroup of CG(e) with Levi factor

CG(e,f). Since CG(e) = GeCG(Ge), we have by Fact 1.2,

CG(e, f) = [CG(f) n Ge][CG(f) n GG(Ge)].

Similarly

CG(e, /) = [CG(e) n G,][GG(e) n GG(G/)].

Since CG(Ge) Ç CG(Te), CG(Gf) E CG(Tf), we are done by Fact 1.1.

LEMMA 1.5.   Lete,fEE(T).  Then

(i) ci n cG(f) = [g; n cG(Tf)][Gi n gj],

(ii) Gi nGG(/) = [Ge nGG(r/)][Gí nG^].

PROOF. We prove (i), as the proof of (ii) is similar. By Fact 1.3,

Ch(e) n GG(/) = [Ru(CG(e)) n GG(/)][CG(e) n CG(/)].

Since Ru(CG(e)) Ç G^, we obtain

g: n cG(/) = [/4(GG(e)) n GG(/)][Ge n CG(/)].

By Facts 1.2, 1.3,

Ru(CrG(e))ncG(f) = [Ä„(cG(c))nÄu(GG(/))][Äu(GG(c))nGG(/)]

ç[GenGr/][JRu(GG(e))nG/][JRu(CG(e))nGG(G/)]

ç[G;nG}][G;nGG(:r,)].

Now CG(e) n CG(f) is a parabolic subgroup of CG(e) with Levi decomposition

[GG(e,/)][iîu(cG(/))nGG(e)].

So by Fact 1.2,

Ge n ChU) = \Ge n cG(f)][Ge n ^(Gci/))]

ç[G.nGG(/)][GînGj].

By Lemma 1.4,

CG(e, f) = (CG(e) n Gf)(CG(e) n GG(2»).

Since Ge fl CG(f) < GG(e, /) and since the radical of Ge n CG(f) is contained in

Te Ç Ge n CG(Tf), we obtain

Ge n GG(/) = (Ge n Gf)(Ge n GoiT/)).

Since GrenGrf<GTeD CG(f), the result follows.
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LEMMA 1.6.   LeteEE(T).  Then CG(Te) =TeCG(Ge).

PROOF. Since Ge<CG(e),

CG(Ge) E CG(Te) E CG(e) = GeCG(Ge).

So

CG(Te) = CG(Ge)[Ge n CG(Te)] = CG(Ge)Te.

LEMMA 1.7.   LeteJ EE(T).  Then

Cb(e)nCG(f) = [GrenCG(Tf)][CG(Te,Tf)][GlfnCG(Te)][GrenGlf].

PROOF. By Fact 1.3,

CrG(e) n C'G(f) = [Ge n Glf][Gre n CG(f)][CG(e) n Glf]CG(e, f).

Now Gre n Glf < CG(e) D ClG(f). Also if a E Glf f) CG(Te), b E Gre f) CG(Tf),

then a-1b~1ab E Gre (1 Glf. Moreover CG(Te,Tf) normalizes Gre D CG(Tf) and

Glf n CG(Te). So we are done by Lemmas 1.4. 1.5.

LEMMA 1.8. Let e,f E E(T), a E G\, b E CG(Te). If ab E CG(f), then
a,bECrG(f). IfabEClG(f), then a,b E ClG(f).

PROOF. Suppose ab E CG(f). Now a = aia2 for some ai E Ru(CG(e)), a2 E Ge.

Then a2b E CG(e). So by Fact 1.3, aua2b E CG(f). Then a2b E GG(e) nGG(/).

So by Fact 1.2, a2b = uv for some u E GeD CG(f), v E CG(Ge) D CG(f). So
u-ia2 = t)6-1 eGenCG(Te) =Te ÇTÇCG(f). So bECG(f). Hence a E CrG(f).

PROPOSITION 1.9. Let Y Ç E(T), ei,...,efc+1 = / E Y. Let V = CG(Y),

Yo = Glf, Yi=GTei,Yl=CG(ei,...,el-i)nGret for i = 2,... ,k + 1.  Then

fc+i

Y0---Yk+inv = l[vei.
1=1

PROOF. We prove by induction on k. So first let k — 0, a E Glf, b E Grf such

that ab E V ç CG(f). Then af = abf = fabf = f. So a G G/. Similarly b E Gf.
So'

abeGfnV= Gf H Vf = Vf(Gf C\T) = Vf.

So let k > 0, a E Y0 ■■ -Yk+i C\V. Then a = y0 ■■yk+i, V% e Yt. Now yi,...,yk+i,

a E CG(ei). Thus y0 E CG(ei) n Glf. By Lemma 1.5, there exist y0 E Glf D

CG(Tei), u E Grei such that y0 = y0u. So yi = uyi E Gre¡ and o = y0yiV2 ■ -J/fc+i-

Thus without loss of generality, we may assume that yo E CG(Tei) n Gf. For

i = 2,..., k + 1, we can factor by Lemma 1.5,

yl = cly'l,    CiEGei,    y\ E CG(ei,... ,e¿_i) nGG(rei) nGre..

Let

dt - y2 ■ ■ ■ Vi~iCi(y2 ■ ■ ■ Vi-i)~\        i = 3, ...,k+ 1.

Then

2/i = yidfc+i • ■ ■ ¿3C2 G Gre¡,    y" = yoy'iVÔ1 € Greí.

Clearly

a = 2/02/Í2/2 • • • 2/fc+i = «/'i'2/02/2 ' ' ' v'k+i-
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Moreover y0y2 ■ ■ ■ y'k+1 E CG(Tei). By Lemma 1.8, y'{,y0y'2 •■ y'k+i E V. So

y'l eVe,. By the induction hypothesis yoy'2 • ■ • y'k+i G Ve2 • • • Vet+1. This completes

the proof.

2. Main section. We fix a connected linear algebraic monoid M with zero 0

and a reductive group of units G. As usual two elements a,b E M are conjugate

(a ~ b) if x~xax = b for some x EG. Note that for a E M, g EG, ag ~ ga. We fix

a maximal torus T of G. Let W = NG(T)/T denote the Weyl group of G. We let

R,Z,)i denote the usual Green's relations on M [2]. If a, b E M, then a R b means

aM = bM, a Lb means Ma = Mb, M = R D C Yet e E E(T), a = nT EW. Then
we let

e" = a~1eo = n~xen E E(T).

We let

Me,a = eCG(e6[6 E (o))o-.

Our first result is that every element of M is conjugate to an element of some Me<a.

In preparation, we prove

LEMMA 2.1. LeteEE(T), o = nT EW, kEZ+, x,y ECG(ea'\0 < j < k-1),

xEGlgk.  Then exyn ~ eyn.

PROOF. We prove by induction on k. First let k = 1. Then

exyn — xyen ~ yenx = yne"x

— yne" — yen — eyn.

In general let k > 1. Then

exyn = xeyn ~ eynx = eynxn~1y~1yn = ex'yn

where x' = ynxn~1y~1 E GG(eCTJ|0 < j < k — 2) n Gl jt_,. So by the induction

hypothesis ex'yn ~ eyn.

THEOREM 2.2.   Every element of M is conjugate to an element of some Me^„.

PROOF. Let a E M. By [8, Corollary 2.3], there exists a maximal torus Ti of

G, e,f E E(Ti) such that eRaßf. Since all maximal tori of G are conjugate,

we can assume that T = Ti. There exists 6 = mT e W such that ee — f.

Thus eRemCf. So emV. a. Since eCG(e) is the ¿/-class of e, we see that a E

eCG(e)m = eCG(e)9. Suppose inductively that a E eCG(e6 \j — 0,...,k)6. Yet

H — CG(e6'\j — 0,...,k). So there exists x E H such that a = exm. By [5],

C#(e9 )i Gri(9e0~1) are parabolic subgroups of H containing T. By the Bruhat

decomposition there exists 7r = niT E W(H), xi E ClH(e6 ), x2 E CrH(9e0~1)

such that x = xiniX2- So

exm = exinix2m ~ (m~1x2m)exinim.

Now m-1x2m ECG(ee\j = 1,...,fc + 1) f~\CG(e). So

m_1X2me = ze   for some 2 € CG(ee \j = 0,..., k + 1).

Thus
i    /  dfc + iX
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Let A = 7T0 = nimT E W. We claim that ex' = e6' for j = 0,..., k+ 1. For j = 0,

this is obvious. So assume ee' = ex', j < k. Then 7r € Cw(e8')- So

e*+1 = (^)A = (é*)*:=(^)W+1.

Thus 2/ = zxi EClH(ex ). Hence y = yij/2 for some ?/i <E HleXk+l,y2 ECH(ex +').

By Lemma 2.1,

a ~ eyiy2nim ~ ey2nim,        y2 E CG iev \j = 0,..., k + lj .

Continuing this process, we see that there exist tr = nT E W and u E

GG(e°"J|0 < j < \W\) = CG(e~<\i E (o)) such that a ~ eim. Then clearly

eun € Me.cr. This completes the proof of the theorem.

Schein [13] has shown that the full transformation semigroup on any set is a

union of its inverse subsemigroups. The corresponding result, for the full matrix

semigroup over a field, follows from the Fitting decomposition.

THEOREM 2.3. (i) If F is a commutative, idempotent submonoid of M, then

FNG(F) is the maximal unit regular inverse submonoid of M with idempotent set

F.
(ii) // F is a subsemilattice of E(T) with 1 E F, then

FNG(F) = FCG(F)NW(F).

(iii) IfeEE(T), oEW, F= (l,e0\O E (a)), then Me,a E FNG(F).
(iv) M is a union of its unit regular inverse submonoids.

PROOF, (i) That FNG(F) is a submonoid of M is obvious. Let a E FNG(F),

a2 = a. So a = fu for some / 6 F, u E NG(F). Then fuf = f. Since M

is a matrix semigroup and /, ufu^1 commute, we see that / = u/it-1. Thus

a — fu = fuf = / 6 F. So F is the idempotent set of FNG(F). It follows that
FNG(F) is the maximal unit regular submonoid of M with idempotent set F. Since

F is commutative, it follows [2] that FNG(F) is an inverse semigroup.

(ii) Let a E NG(F). Clearly T E CG(F). So aTa'1 C CG(aFa~1) = CG(F). So

T, aTa-1 are maximal tori of CG(F). Hence b~1aTa~1b = T for some b E CG(F).

Hence b~xa E NG(T) n NG(F). So a = b^a) E CG(F)NW(F).

(iii), (iv) follow from (ii) and Theorem 2.2.

Now fix e E E(T), o = nT EW. Let / = e°, a + 1 the order of o. Let

V = CG(ee[9E(a)).

So y is a reductive group, T E V, Va = V, Me,a = eVa. Now Ve = {a E V\ae =

ea = e} = TeVe is a closed normal subgroup of V. Let

9g<<t) ee(o-)

Then Q is a closed normal subgroup of V. If x € V, let x* = nx~1n~1 E V. Then

fi* = Yl. So * induces an antiautomorphism * on the reductive group Ge,o- = V/Yl.

Define t¡: Me%a -»• Ge,a as follows: If a = evn E Me^, v E V, then, £(a) = vYl E

Ge,<7- Since Ve E Yl, £ is well defined. Note further that if Ge,CT is replaced by

eV/eYl (which is isomorphic to Ge%a as an abstract group), then f would also be a

morphism of varieties.
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THEOREM 2.4.   Let a,b E Me¡t7.  Then a is conjugate to b in M if and only if

there exists x E Ge>a such that xt¡(a)x* = Ç(b).

PROOF. For a,b E Me,a, define a = ft if xÇ(a)x* = Ç(b) for some x € Ge,cr. We

are to show that = = ~. Let

A — {a E V\eun ~ eaun for all u E V}.

Clearly Ve E A. Let a,b E A. Then for u E V, eabun ~ ebun ~ eun. So A2 E A.

Now let a E A, u E V. Then

e(nan~x)un ~ an~1unen = ea(n~xun)n

~ e(n~xun)n — n~1unen ~ eun.

Thus nAn~x Ç A. It follows that OCA. Now let mi,m2 E Me<rT such that

mi = m2. Yet mi = eun, m2 = evn where u, v E V. Then there exists xEV such

that v E Ylxunx~xn~x. Since Yl Ç A,

mi = evn ~ exunx~xn~xn = exunx~x

= xeunx~x ~ etm = m2-

This shows that = Ç ~.

Conversely let mi,m2 E Me,o- such that mi ~ m2- Then there exists Xi E G

such that

(1) Aimi = ¡712X1-

Let mi = eun, m2 = evn where u,v E V. Then by (1),

XieR Xieun = evnXi R e

So Aie = eXie and Aj G GG(e). Also by (1),

fXi = n_1enAi £ m2Xi = Aimi £ mi £ /.

Thus Ai € CG(e) n ClG(f). By Lemma 1.7, A! E X[GTe n G^-J for some

A e [GG(Te) n Glf][CG(Te,Tf)][CG(Tf) n G3.

Since mi = emi, m2 = 1712/, we see by (1) that

(2) Xeun — evnX.

Now X = axb for some

(3) aeGG(Te)nGi/,    xECG(Te,Tf),    b E CG(Tf) nGre.

So by (2), eaxun = evnxb. Then eaxu = evnxbn~x and axu,vnxbn~x E CG(e). So

(4) axu = vnxbn~xz    for some 2 6 Ge-

Now nxbn~x E CG(Te). So by Lemma 1.6, nxbn~x — tn for some t E T, r¡ E

CG(Ge). So wi e V E CG(e). So vt = v'v" for some v' E Cv(Ve) Ç GG(Te),

v" E V« Ç Ge. Also u = u'«" for some u' E Cv(Ve) Ç CG(Te), u" EVeE Ge. Then

axu = vnxbn~xz — vtrjz = v'v"nz = v'nv" z.

So

(5) ox«'= u'r7(v"«(u")-1).
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Let z' = v"z(u")-x. Then z' E Ge. So z'h = hz' = h for ail h E E(M) with h <_e.

Now axu',v',r) E CG(Te). So by (5), z' E GG(Te). Thus z'h = hz' for ail h E E(T)

with h > e. So for any maximal chain Y of E(T) with e G Y, z' E CG(Y) = T ç V.

Let ui = u'(z')~ V e K. Then by (5),

axui = v'nv" = v'v"r¡ = vtr\ — vnxbn~x.

Also z = (v")-xz'u" G V n Ge = Ve. So

(6) axui = vnxbn~x,        ui,v EV, z EVe.

Now xfe G CG(e). So nxftn-1 G CG(creer-1). Thus ax G GG(crec7-1). By (3), Lemma

1.8, a,x G CG(aea~x). So x G CG(oeo~x) C\CG(Te,Tf). Hence we can factor

(7) x = yixi    for some yx G Graea-X OCG(Te,Tf), xi E CG(Taea-.,Te,Ts).

Also a E CG(oea~x)r\CG(Te)r\Glf. So working within CG(Te) and applying Lemma

1.5, we can factor

(8) a = cioi    for some a E G^-i n G'; f)CG(Te), aY E CG(Te,Taea-AnGlf.

Now by (6),

cia-iyiXiUi — vnyiXibn~x.

So

(9) lüdiXitii = vnyiXin~x

where

w = Ciaiyia71[(aiXiUi)(nfc_1n-1)(aiXiUi)_1] G G^e(T-i.

Suppose now inductively that

(10) x = yi-ykxk,

where

(n,      2/îeGG(T/,TCTJeCT-1|y = o,...,î-i)nG;.eCT_„      i = i,...,k,

xkECG(Tf,Ta,e(T-1\j=0,...,k).

Further assume that there exist

Wi E CG(Taieo-i \i+l<2<k)C\ Gra,ea-„        i = l,...,k,

akeCG(T<Tie(T-i\i = 0,...,k)nGf

such that

(12) wk ■ ■ ■ wiakxkui = vnykxkn~x.

Note that (7)-(9) show (10)-(12) to be valid for k = 1. Now

nykxkn-x E CG(ok+xeo-k-x).

So by (12), wk ■ ■ ■ wxaixk E CG(ak+xea~k~x). Repeated use of Lemma 1.8 shows

that wi,...,wk,ak,xk E CG(ok+xea~k~x).  So by Lemma 1.5, we can factor for
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i — 1,..., k,

Wl = qiw't, w\ E CG(Taiea-i[i + 1 < j < k + 1) n G;,eCT-,,

qi E Grak+lea-k-i n Ca{Toi„-j\i + l<j<k),

a-k = Cfc+iafc+i,    ak+i E CG(Talea-i\0 <j<k + l)C\G},

ck+i E CG(Talea-3\0 <j< *)nG^,w.Ml

Xfc = yk+ixk+i,    xk+i E CG(Tf,TaJea-,\0 <j<k + l),

yk+i E CG(Tf,Ta]ea-}\0 <j< k) 0^+,^.,.

Let

Qi = w'k---w'i+1ql(w'k---w'l+1)-x gG;*+iot_*-i, i = l,...,fc-l,

4+1 =^---w'1cfc+i(wfc---w'1)-1 eG^+^-w,

2/fc+i = wfc • ' • ™iafc+i3/fc+i(wfc • • • w'jafc+i)-1 G G^*+lea_*_i,

P = 9fc<7fc-i ■ ■ ■ iWk+iV'k+i Ê^ww-w.

Then

wk---wiakxk =pw'k---w'1ak+ixk+i.

So by (12),

Wfc+i • • ■ M/,a/c+1xfc+1 «i = vnyk+ixk+in   x

where

«4+1 = imy*1«-1!;-1? G G^+i^-*-!.

This completes the induction step in (10)-(12). So (10) is valid for all k E Z+. In

particular it is valid for k = a, where cra+x — 1. Then

(13) x = yi---yaxa,        xa E CG(ee\6 E (o)) = V.

Now by (4), (6)

(14) axu = vnxbn~xz,        z E Ve.

YetYo = Glf,Yi=Glea_i,

Yx = GG(aJecr-J'|i = 1,..., i - 1) n G^- ,        i > 2.

Then K, normalizes y¿ for j > i > 1. Also V normalizes Y¿ for all ¿. By (3), (11)

we see that

(15) oGF0,        n&n_1GYi,        ¡/,eF„    1 = 1,..., a.

Also, since crQ+1 = 1, we see by (11) that

(16) nytn~x EYi+i,    i = l,...,a- 1,        nyan~x EVe.

Since xa,u,v E V and Va = V, we see by (13)-(16),

v(xaux*a )~x — vnxan~xu~xx~x

= axuz~xnb~xx~xxan~xu~xx~x

= [ayi ■ ■ ■yaxauz~xu~xx~x](xau)

x [nb~xx~x(y~x ■ ■ ■ y^x)xan~x](xau)~x

EVeY0Yi--Ya.

Since oaeo~a = /, we see by Proposition 1.9 that v(xaux*a)~x E Yl. Thus mi =

eun = evn — m2. This completes the proof of the theorem.
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The proof of the above theorem shows

COROLLARY 2.5. Let a,b E Me^. Then a ~ b if and only if there exists
x E V = CG(e6\6 E (cr)) such that x~xax = b.

COROLLARY 2.6. Let D = eCG(e) denote the group of units of eMe, h E

E(eT), 6 = mT E Cw(e). Then MM = (eMe)h,eS and GM S Dh¡eg. If a,b E
Mhft, then a is conjugate to b in M if and only if a is conjugate to b in eMe.

PROOF. Let

V = CG(hi\1E(6)),    Y = CD(hi\1E(6)).

Let a EY. Then a = ex for some x E CG(e). For 7 G (6),

xh1 = xeh? = ah1 = hna = h?ex = h^x.

So x G Cv(e) and Y = eCv(e). Now V = VhCv(Vh) = VhCv(e). Hence

Mhfi = hVO = hCv(e)6 = heCv(e)6 = hYd = (eMe)Ä,e9.

Let 0 = n7€(9> Vn-,. Since V = VhCv(e), h < e,

GM = V/Yl =* Gv(e)/Gn(e) = eV/eCu(e).

By Proposition 1.9,

Cn(e)=  J] [Vh^nCG(e)].

It follows that eV/eGn(e) = Dn,ee- We are now done by Theorem 2.4.

CONJECTURE 2.7. Let a, b E eMe. Then a is conjugate to b in M if and only

if a is conjugate to b in eMe.

CONJECTURE 2.8. Let y - {Me%(r\e E E(T),a E W}, y0 the set of maximal

elements (with respect to inclusion) of y. Then if Yi,Y2 E t/o, a G Yí, b G Y2,

a ~ 6, then Y? = Y2 for some 6 EW.

Let g E G. Then the map: x —+ gx~xg~x is an antiautomorphism of G. We will

call such an antiautomorphism an inner antiautomorphism.

EXAMPLE 2.9. Let n G Z+, M = Mn(K). Yet h = Ylee(<r) eö' r tne rank of /l-

Then Ge,cr — GL(r, K) and * is an inner antiautomorphism.

EXAMPLE 2.10. Let M = {A ® 5|A, ß G M2(K)}. Then the possibilities for

Ge,CT are G,SL(2,Ä'),PGL(2,Ä'),Gm,{l}. In all cases, * is inner.

CONJECTURE 2.11. If the simple components of G are all of type A;, then * is

necessarily inner.

By [3, Theorem 27.4], an antiautomorphism of a semisimple group is the com-

position of an inner antiautomorphism and an automorphism determined by an

automorphism of the Dynkin diagram of the group.

CONJECTURE 2.12. For all t E R(Ge,a), t* - t~x and hence * is completely

determined by its action on the semisimple group G'ea = (Ge¡„,Ge,a)-

3. Nilpotent elements. We continue from [8] the analysis of conjugacy classes

of nilpotent elements of M. It was shown in [8] that the conjugacy classes of

minimal nilpotent elements (in the J-class ordering) is always finite. Renner [12]

has introduced the finite fundamental inverse monoid Ren(M) = NG(T)/T and
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used it to generalize the Bruhat decomposition to M. We easily have

PROPOSITION 3.1. Let e E E(T), o = nT E W, k E Z+. Then the following

conditions are equivalent:

(i) ak = 0 for some a E Me%a,
(ii) Mk„ = 0,

(iii) (eo)k =0 mRen(M),

(iv) e° ■■■ea" =0.

Since V — CG(e9\6 G (cr)) is a reductive group, we see that any closed normal

subgroup of V containing T, must equal V. Thus

PROPOSITION 3.2.   Let e E E(T), o E W.   Then Ge,CT is trivial if and only if

T = Uee(o-)Tee-

In particular, we see that Ge>CT trivial implies that eo is nilpotent. If the groups

Ge,CT are trivial for all nilpotent eo, then by Theorems 2.2, 2.4, the number of

conjugacy classes of nilpotent elements in M is finite.

CONJECTURE 3.3. The number of conjugacy classes of nilpotent elements of

M is finite if and only if the groups Ge,ff are trivial for all nilpotent eo.

EXAMPLE 3.4. If M = Mn(K), then we see by Example 2.9 that the groups

Ge,<7 are trivial for nilpotent eo.

Example 3.5. Let G0 = {A ® (A-xf[A e SL(3,/£")}> G = K*G0, M = KG0-

Let S = M\G. Then

E(S) = {e ® /|e2 = e, f2 = f E M3(K),ef = fe = 0}.

In particular

0    0
0    0

0    0    0

0
0    1

0    0

0    0
0
1

/ =

0 0
0 1

0    0

1 0 0
0 0 0
0    0    1

EE(M).

Also if

0 1     0
1 0     0

0   0-1

0 1
1 0

0    0

0
0

-1
eW(G),

then e" = f and (eo)2 = 0. The group Ge¡a can be seen to be the one dimensional

torus with * being given by x —► x~x. Thus by Theorem 2.4, the number of

conjugacy classes of nilpotent elements of M is infinite. However if G denotes the

center of G, then the number of conjugacy classes of nilpotent elements in M/C is

finite.

EXAMPLE 3.6. Suppose char .ft: ¿2,nEZ+,n>2. For r G Z+, let Jr denote
the r x r matrix

1"

Let G0 consist of all A E SL(2n + 1, K) such that

1      0

0    J2„
A =

1      0

0    J2n
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Thus [3, §7.2], Go is the special orthogonal group of type Bn.  Let G = K*Go,

M = KGo- Then

e =

0 0 0
0 /„ 0
0     0     0

/

0    0    0
0   0    0

0     0     In

EE(M).

If

o = G W(G),
±1      0

.0     J2n

then e" — f and (eo)2 — 0. It can be seen that Ge^ — PGL(n,Ä') with the

antiautomorphism * on Gei0- given by A —> JnAtJn. Thus by Theorem 2.4, the

number of conjugacy classes of nilpotent elements of M is infinite. This gives a

counterexample to [8, Conjectures 4.5, 4.6]. Note also that for n > 3, * is not

inner.

The above examples suggest

CONJECTURE 3.7. Suppose that the center of G is one dimensional. Then

the number of conjugacy classes of nilpotent elements of M is finite if and only if

Ren(M) is isomorphic to the symmetric inverse semigroup of some finite set.
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